Exact calculations are presented which detail the process of polaron formation in the onedimensional acoustic chain. Exact solution is possible because the limit considered is the transportless limit in which the Hamiltonian matrix elements responsible for the motion of an excitation among site states have been set to zero. The polaron formation process is found to be decomposable into two subprocesses having distinct time scales. A disparity of time scales is possible in the case of long wavelength excitations. The consistency of our conclusions is demonstrated through the consensus of results obtained for the discrete acoustic chain, the Debye model, and the elastic continuum.
I. INTRODUCTION
In a recent paper, Brown et al. 1 presented an analysis of the problem of polaron formation based on the Frohlich Hamiltonian in the transportless limit in which the problem may be solved exactly. A number of quantities were calculated and their behavior analyzed. In particular, it was found that two related processes are involved in the formation of a polaron which differ qualitatively and quantitatively. In one process, energy interpretable as the polaron binding energy is shed by the exciton system into the normal modes of the lattice. Another process results in the dispersal of this energy throughout the lattice and results in the development of a persistent deformation about the region occupied by the exciton. The crucial observation for the polaron formation problem is that a polaron cannot be considered to exist until the polaron binding energy has been dispersed and the lattice deformation completed.
The amount of energy shed into the lattice during polaron formation and the time dependence of this energy transfer are independent of the detail with which the initially bare exciton is distributed over the various sites. On the other hand, the lattice deformation and the time required to complete its development depend explicitly on the exciton probability distribution in site space. The qualitative difference in the dependences of these processes on the exciton probability distribution results in quantitative differences in the time scales which may be associated with each. The distinction is most evident for long wavelength excitations or in the related continuum limit. The conclusion one may draw on general grounds is that the time scale for polaron formation scales with the width of the excitation probability distribution in site space, and thus may be arbitrarily long, while the time scale for energy loss has a unique value of the order of a vibrational period.
In this paper we present an explicit evaluation of the quantities introduced in Ref. 1 using a nearest-neighbor acoustic chain as a model for the lattice vibrations. We give particular attention to the form of the coupling functions in a) Department of Chemistry B-014. b) Institute for Nonlinear Science R-002.
both the site and normal mode representations. The time functions describing energy transfer and lattice deformation are calculated exactly for this model and the time scale for each process is characterized. We then turn to the case of long wavelength excitations and the special considerations involved in the extraction of the continuum limit.
II. HAMILTONIAN AND COUPLING FUNCTIONS
We consider the Frohlich Hamiltonian in the transportless limit in which there are no matrix elements connecting distinct exciton site states. The Hamiltonian then has the form
Here b : creates a vibrational quantum in the normal mode q and a~ creates an exciton in the local basis state n. We consider only longitudinal acoustic phonons due to harmonic nearest-neighbor forces. The dispersion relation for these phonons is given by
The frequency W B is the bandwidth of acoustic phonons and the highest acoustic frequency, corresponding to the antiphase oscillation of nearest-neighbor unit cells, and a is the lattice constant. The coupling energy depends on the molecular displacement operators u m through the forces gmn • For the acoustic chain we will employ the simplest such coupling, for which the interaction potential extends only to the molecules adjacent to an excited site (2.5)
In writing Eq. (2.5) the lattice has been taken to be translationally invariant. In a translationally invariant lattice comprised of N molecules of mass M, the normal mode transformation to 6700 J. Chern. Phys. 87 (11). 
The unit of energy in Eq. (3.3) is often referred to as the polaron binding energy (PBE). For states evolving from the bare initial condition I <I> (0) ), the results (3.6) obtain, in which we have defined the energy profile function
The time dependence of K (t) describes the process through which energy is transferred into the lattice during polaron formation. Using the quantities appropriate for the acoustic chain,
(3.8)
In the limit of infinite chain length, the allowed q values densely fill the Brillouin zone, and the discrete summation in Eq. (3.8) is replaced by an integration:
Thus in an infinite chain [Eq. (3.8 
We may characterize the time scale for energy transfer 7' E by the time at which the first zero of K(t) occurs. The transfer of polaron binding energy into the vibrations of the chain thus occurs on the time scale 7' E = O{aI ii I}, independent of the initial exciton distribution.
For the same coupling function, the polaron deformation Eq. (3.4) has the form
which in the limit of infinite chain length becomes -4g
Choosing a coordinate system such that Rm = ma, this may
On the other hand, the time-dependent molecular displacements (3.6) which follow from the bare exciton initial condition (3.1) are expressed as (3.15) Again taking the infinite chain limit we find
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.~mro ~p (3.16) and again choosing coordinates such that Rm = ma,4
This demonstrates explicitly for the acoustic chain that the limiting deformation of the chain at long times is the same as the polaron deformation despite the different initial condition.
As an example in which the detail of this process may be elaborated, consider the rectangular distribution
The polaron deformation corresponding to this distribution is the linear ramp illustrated in Fig. 1 . The bare exciton initial condition leads to the same deformation at long times, but with a complex time dependence. In order to determine the time scale r D on which this process occurs, let us consider the displacement of a molecule near the center of the rectangular distribution. (The central molecule does not experience a displacement due to the symmetry built into the distribution and coupling functions.) = -i(Ola;;' (t)a" (0) 10) which also reflect the vibrational relaxation of an initially bare excitation. I The time dependences of these quantities contain structure out to times 1" mil ~ 2 (m -n) W I3 I, which share with 1" E the property of being independent of the detail of the spatial distribution of the excitation, but share with 1"D the property of being proportional to physical lengths in the solid.
IV. DEBYE MODEL: LONG WAVELENGTHS
The Debye approximation (L, (4.3) where L is the length of the acoustic chain. In this range of wavelengths the errors incurred in approximating short wavelength behavior are minimized while generic features of the microscopic granularity of the medium, such as a maximum acoustic frequency and a finite Brillouin zone, are retained. Handled with care, this approximation should yield results intermediate between exact properties of the discrete solid and those of the elastic continuum, the latter being sensitive only to the bulk properties of the solid. The long wavelength criterion (4.3) implies that for the relevant wavelengths the dimensionless quantity qa can be considered small. This allows us to extend the Debye approximation to the coupling functions X q [see Eq. (2.9)] such that (4. Otherwise applying the long wavelength criterion throughout yields
in which Si(x) is the sine integral. 4 Clearly, (2117") Si(17"m) is an approximation to the sgn{m) which appears in Eq. (3.13). Explicit dependence on extrinsic length scales appears in each term through the dependence of DDebye (Rn) on the probability distribution of the excitation. A predominance oflong wavelengths in the spectrum of Pm is sufficient to justify the approximation.
As in the calculation of the polaron deformation D Debye (n), when computing the time-dependent deformationd Debye (n,t), thephasefactorsexp[ -iqRn] must not be approximated. However, in addition, the time-dependent phase factors cos(wqt) must not be approximated, since the long wavelength condition which gives Wq Z,(JJB Iqal/2 is insufficient to render the phase WB Iqalt 12 small for arbitrary times t. Combining the spatial and temporal phase factors and otherwise applying the long wavelength criterion throughout yields The foregoing demonstrations show that for excitations spanning many lattice constants, i.e., long wavelength excitations, the two processes comprising polaron formation occur on disparate time scales. Since the behavior of such extended excitations should be only weakly dependent on structure on the scale of a single lattice constant, it is worthwhile to consider the continuum limit of the acoustic chain, which is a one-dimensional elastic continuum or line.
The characterization of the polaron formation process in the elastic continuum should be consistent with the foregoing Oebye approximation and remain valid for long wavelength excitations in materials having diff'erent microstructures.
In forming the continuum limit, physical quantities fall into three classes: those which vanish, those which diverge, and those which approach finite limits. In order for the limit to be physically meaningful, the dynamics in the continuum must depend only on the latter class. Any aspects of the continuum process dependent on vanishing or diverging quantities thus fall outside the scope of a continuum description.
The transition to the continuum is facilitated by repairing to the problem posed by a finite chain of length L = Na and using the wave vector representation for both the phonons and excitons:
The allowed wave vectors q are integer multiples of 217"IL, regardless of the magnitUde of the lattice constant. Thus, as the continuum limit is approached, the lattice constant vanishes and the Brillouin zone expands while the spacing between the allowed wave vectors remains fixed. In the discrete lattice, the direct space and wave vector representations are related through the finite Fourier series 1
In the continuum limit, this relation is replaced by the infinite Fourier series The phonon operators may be similarly transformed. The displacement coordinate of the continuum corresponding to the discrete lattice coordinate u m [see Eq. (2.6)] is
2Lp q= -00 ~vlql in whichp = Mia is the macroscopic mass density. Though v is the same longitudinal velocity of sound that enters the Debye approximation, its appearance here is an exact consequence ofthe continuum limit. Since the maximum angular phonon frequency is given by
wherein k is the stiffness of the Hooke's law springs connecting adjacent molecules and 'i is the tension, this limit is formulated
The harmonic lattice-elastic continuum transition does not in itself provide a unique prescription for translating the exciton-phonon interaction Hamiltonian Hex-ph into continuum form, since the exciton-lattice coupling arises from a physical mechanism distinct from that responsible for elasiticity. The coupling of an exciton to its host medium involves a potential with a characteristic range. Although our model of a discrete harmonic chain has taken this range to be a single lattice constant, we are now faced with the choice of allowing this range to vanish with the lattice constant, or maintaining the range at a physically prescribed value while the underlying lattice becomes ever more finely divided. The latter choice leads to a nonlocal exciton-continuum interaction expressed as a volume intergral over the region influenced by the interaction potential. The former leads to an interaction energy dependent only on local properties of the continuum.
While the nonlocal interaction provides the more accurate description of a physical continuum, the difference between the two choices becomes significant only when there are relevant wavelengths of the order of, or shorter than, the range of the interaction. In forming the continuum limit, however, we are restricting the scope of our analysis to those excitations whose wavelengths are sufficiently long to be insensitive to such structure. We thus choose the simpler local form of the interaction 
-L12 (S.9) In order to complete the correspondence with the exact and Debye calculations for the discrete chain, we subsequently allow the chain length to diverge (L -00 ). Combining these observations shows that in the continuum limit [note SO'dt8(t) 
The latter relation is merely the continuum translation of the discrete relation
which follows from Eq. (3,IS) using the dispersion relation O}q = vlql obtaining in the continuum limit. From Eq, (S.lOc) it is easy to see that the displacement of a material point x in the excited region of the continuum does not reach its asymptotic value until the propagating deformations D(x ± vt) become well separated. Thus if A is a measure of the width ofthe probability density P(x), then the time scale for deformation is 'i D = o{A Iv}. On the other hand, Eq. (S.IOa) clearly shows that 'iE = 0 for the continuumso'iEI'iD = O. This is consistent with the discrete-space conclusion 'iElrD = O{2A + 1)-I}, since (2A + 1)-1 ::::: a/A and the smallness of this ratio is the most essential condition for the continuum limit to be meaningful.
In neither the discrete space nor the continuum have we stated any restrictions on the values which may be taken by the parameters of the Hamiltonian or the scaled parameters of the continuum treatment. One of the conditions for the validity of a linear coupling model is that the oscillations of the molecules must remain small. There are two sources of this condition. One is the harmonic approximation for the lattice vibrations, the other is the linear approximation for the interaction energy. Assuming the small oscillation criterion to be valid in the discrete solid, the question arises whether it continues to be valid in the continuum limit. This criterion may appear to be violated in the continuum since we obtain finite displacements for material points while the nearest-neighbor distance in the underlying lattice vanishes. (The snapshot of the polaron formation process shown schematically in Fig. 1 illustrates how small relative displacements may accumulate to produce significant absolute displacements at large distances. ) This is not an indication of a breakdown in the theory. What is meaningful in the small oscillation criterion is the relative displacement of neighboring molecules and not their absolute spatial position. The displacements d (n,t) and D(n) are referenced to the absolute equilibrium positions {Rm} of the molecules in the unexcited chain and thus are absolute quantities. In is easy to show from Eq. (3.13) that a typical relative displacement of adjacent molecules in a deformed region of the chain is
in which D( 00 ) is the asymptotic displacement attained by a molecule far from the excitation region at long times and is the same in the continuum as in the physical lattice. Insofar as the net displacement D( 00 ) is small relative to the width of the probability distribution/density, the small oscillation criterion remains satisfied. Thus, a sufficient condition for compliance with the small oscillation criterion is that the excitation span many physical lattice sites. Since this is the only scenario in which the continuum limit is meaningful, we find the continuum limit to be consistent with the small oscillation criterion. One quantity which is ordinarily considered to be meaningful, but which diverges in the strict continuum limit, is the polaron binding energy. From Eqs. which clearly diverges in the limit of a vanishing lattice constant. The polaron binding energy arises from a shift in the zero of energy of the solid. The contribution of the qth mode to the polaron binding energy has the finite value (5.15) in the continuum limit. The polaron binding energy thus diverges because there are in infinite number of vibrational modes. This is related to the zero point energy of the elastic line; however, the latter diverges even on a per mode basis since liJ q = vlql and there is no cutoff wave vector in a continuum. The divergence of these quantities indicates that they are intrinsically microscopic in nature and thus fall outside the scope of a strict continuum limit. The divergence of the polaron binding energy and the average zero point energy per mode merely affect the zero of energy and thus present no difficulties for transport. In particular, static shifts in the zero of the energy scale have no effect on density matrix calculations since the zero of energy affects only the global phase of the wave function which is absent from density matrix treatments.
